| Parametric Representation of Curves; Lines in R’
IN THIS SECTION parametric equations, parameterizing a curve, lines in R3

Metric R
e .
Curye inirfsemahon

PARAMETRIC EQUATIONS il He

Until now. most of the curves we have considered have been graphs of functions of
the form y = f(x). This form of representation is limited by the requirements of the
vertical line test, which precludes closed curves such as circles or any curve with a |
selfSintersection. However, such restrictions are often not necessary for curves where

the coordinates x'and v of each point P(x, y) on the curve are themselves functions of ‘
a third variable, called a parameter. We will begin by examining parametric ;
representations in R, and then extend our results to R*, !

Let fand g be continuous functions of 7 on an interval /; then the equations
x=f(@) and y=g(r)

are called parametric equations with parameter f. As 7 varies over the
parametric set /. the points (x, v) = (ft?). g(1)) trace out a parametric curve,
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ketching the pa
EXAMPLE 1 5

]
_2—-9, =—tf0r—35152.
Sketch the path of the curve X =1 y=3

lution ' s Afioicen oF fis
"  x and y corresponding {0 various ch Parametey , e shy,
Values 0 : e 3
the following table.
________-—-———_-—/ y
1 t X Yy b e : ‘ 3.t
o ‘(T’,T_*‘?Sluning or initial point)
-3 -
2
-2 =5 73
1
-1 =8 -3
0o -9 0
1
1 -8 3 . ' ]
2 =5 % (Ending or ter1}1|na] point) B
" . )

Figure 9.33  Graph of

1
x=12 -9, y= §’vf0r‘3_<_t<l
Notice how the arrows show (he
orientation as f increases from -3 o)

The graph is shown in Figure 9.33. 1

If you are using a computer or a graphing calculator, plotting points can‘bean ‘
effective way of sketching a parametric curve. Sometimes, howeve.r, we wish b
eliminate the parameter (o obtain a Cartesian equation. For instance, in Exampl |

we have y = %l, sof =3y, and by substituting into the equation x = £ - 9w
obtain

x=03y)?-9=9y2—-9

: ! : of the
which is the Cartesian equation for a parabola that opens to tl_le th‘- Be%uis:“ub'
domain of the parameter 1, we see that the parametric curve in Figure 9.33 15
set of the set of points that satisfy the equation x = 9y? — 9.

: . equationt
: . . . ce uatio
Parameterizations are not unique. For example, the curve with parametric &4

x=99%~1), y=3 for—% SUE %
is the same as the curve in Figure 9.33,
[iminating L
EXAMPLE 2 Sketching the path of q parametric curve by elim
parameter

Describe the path x = sin ¢, y

=cos 2t for0 < 1t < 0.5.
Solution

Using a double angle identity, we find

Cos2mt =1 — 2sin? 7t
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Vectors in Spote
80 that

_ p
3Ty w We tecoan: , y = | — 2x | |
r« ¢ copnize ”"\ _4x. we can {

The

as (‘“”(..'1

’
i 6 (rpdid an equati g nars a. Because Y =
find the critiey numbey x jpation for  parabola. B

- parabola s the Curye xhuwf ('L “-l]"d. o "r'h?'p;lr;‘r:‘)l‘;’4u[ .

Because ¢y restricied Lin u’!‘rr as the dashed curve in Figure 9. . ese

involven prc ! 1a re ruu_ 10 the interyal () < 1 = 0.5, the parametric repr!
from ll.‘u MY part of the righ yige of the parabola y = 1 — 247, The curve 15 0N »
, portion ()l!):l)]'(l‘ll ‘”‘ I, where 1 — 0, 10 the point (1, —1), where 1 = 5. and® l-
," * Parabola shown i black in Figure 9.34,
. When it is difficul( (¢
e I“"‘::‘;I:t,r‘m We can sometimes pef
cos 2

ptation
rented

i T ation.
climinate the parameter from a given parametric representa

# 4 good picture of the parametric curve by plotting points.

g
Wt EXAMPL
e 05 - E3 Describing q spiraling path
Iscuss the path of the cyrye described by the parametric equations
X =e¢"'cosy, y=e¢"'sint  for1 =0
Solution

We have no convenient way of eliminating the parameter so we write out a table of

values (x, y) that correspond to various values of 1. The curve is obtained by plotting

thjsc points in a Cartesian plane and passing a smooth curve through the plotted
points, as shown in Figure 9,35,

'r t X y i
0 0 03
a 0.32 0.32 s
1 0.20 0.31 5
5 0 0.21 ]
2 -0.06 0.12 — .
b4 -0.04 0 r=
= 0 ~0.01 : L
2 0.00 0 igure 9.35 Graphof x = ¢'cos 1.y = ¢

sintforr> 0

Note that for each valuc of 1, the distance from P(x. y) on the curve to the origin is

\/x3 +y? = V(e tcost)? + (e~'sint)? = Ve 2(l) = ¢!

Because e~ decreases as f increases, it follows that P gets closer and closer to the
origin as f incrcases. However, because cos f and sin 1 vary between — 1 and +1. the
approach is not direct but takes place along a spiral. B

PARAMETERIZING A CURVE

So far, our examf)lé;s have dealt with sketching a parametric curve given the
parametric equations. In general, this process may be tedious, h_ul geneljall_v can be
done easily using technology. Howeve.r, the reverse process, ﬁ.ndmg_a suitable set of
parametric equations for a given curve, is an art for which .ther.e 15 no simple procedure.
Indeed, a given curve can have many dlf‘fere_m parlmneterlzanons ar?d there are curves
for which no simple parameterization can be given. The following two examples
illustrate various methods for parameterizing a given curve.
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EXAMPLE 4 porameterizing two curves

s, pATAMCTETIZe the grven cirve.

In cach of the following +=
b po S cos' B0 pokar coorihinates
a v
anelenzaton fa @ ;nu.\hrl.t i 0 et thy Pararmye, ™
a. The usnal pan ’ , . e
' ¢y oo O Hosever anothet parameteyy tatig | ™
thast 1 sguuared ¥ = 5 oy

| v

wothat 1 = (tandy =1 4
J ; : i

b In polar conrdinates W ¢ have ¥ o= £ V08 B,y o r Sin B, 5 we i m‘m

—— -

and v in erms of the parsmeiss N

Vo s
§ = F oo t

a (5 con’ s i

= (dcos #romd

da
: Som ¥

EXAMPLE 5 Modeling Problem: Finding parametric equation, for g
A bacyvole whoel has radios o and a retlecton i attag bed g LU L Lo
hecvide wheel at a hoved distanee J troum the center. Find [ramets NW;.,MI dy
‘ e descrihed by P as the w heel rolle along a stratght line withoug g by

. B
LN “ﬁt .
carve o called a (i hotd. and 1 shown in "'V-""“ 9.36 \M"
"W H 1
%\ .’ i » 5 - f ? :- -
o I Gt Sac ¢ il
{ ! |
ar i & ’ 4 L 4 ‘ i
§
L 7 » - #
i { |
. # v b ’ [ {

B e S SRS SN w—S— — R B
| w2 wo w6 wn T wa ws e

Figere 936 Thc path of a reflector placed § in from the tine o the
wheel of 2 bibhe with 300 wheel This 1y an cramphe of a ochod

Solution

Assume that the wheel rolls along the x-axis and that the center ( of the wheel be?
a (0, ) on the y-axnn. Further assume that P also stants on the y-auis, f s o

C. Figure 937 shomo the imiial posiion of the wheel and s prnadeef afher WS
through an angle & (radians),

4 g ¥

1 ”‘ ¥ o 4 -
g el \“\ - % /

{ i ' }

] ™y, i
ﬂ"fnvx-hv.vv-ﬁxn?‘"_ . _‘.,.,.',..-,.,.-k_;.-ra‘-ww"""f ‘n

i H \ ] ] b ; U | § i
S W R 5. 0 0 T e et

i PSS RN

Figwre 937 e path of & reflecur on a eyl

¥ ¥
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We beo: : Vectors in Space ;
2 by | .
whereas B i« (he. Some poipgy. The

A ere | ‘ POINL A iy on the v-axis directly beneath
Finally, 0 i« the Che horizong

ety alline through ¢ meets the rim of the wheel.
ﬂm!ugh Cand p iNMersec d}l‘(‘(‘ll_\‘ bencath P.oand S s the point where the line
We need 10 fing *CCIs the rim, Let p have coordinates (v, v)
ne e TCREOT g o I A .
Presentationg nterms of a, o, and 0) for x and v.

X = l()',\i i 'L‘Kul
=af 4+ |¢p
'( O| Bacause the wheel rolls along the 1-axis
without slipping, (5\‘ is the same as the
) 2= — | 7 s OA|l = ad.
V= lx\(l-_&.‘QpI arc length from A to S.ao' 1
=a+ (o7

To complete el L A
¥ Plete our evaluation of xand v, we need (o compute [CQ and |QP|. These
are sides of APCQ.N . 3 .
. - INOLe lhi][ PCO = — 0 tharefra s definitions of cosing
and sine, we hyye ¢ 2 + therefore, by the definit

RE |CO
. - e 3 :
s ( 5T ”) = "(T| S0 |(fQ' =d cos (—;—r = ”) = —dsin0

“~

o . N e | ‘ 3
Similarly, |07 = 4 in (F - 6) = ~dcose,
.\\c LN now substitute these values lor |CQ
denived for x and Y.

and [QP] into the equations we

,...
I

atl +|CQO| = a0 — dsin#
Y=a+|QP|=a-dcosh -
The special case where P is on the
1S a curve called a cycloid. There are
curves in the problem set.

rim of the wheel in Example 5 (when d = )
several problems involving these and similar

It f. g. and h are continuous functions of a variable 1 on an interval /, then
x = f(r) y=g(1) z=h(t)

are parametric equations with parameter 1, and as 1 varies over 1, the points (x, y, z)
= (fln), g(1), h(n) trace out a parametric curve in B}, The rest ol this section is
devoted 1o examining lines in B, which we will represent in parametric form. More
general curves in 2* will be studied in Chapter 10.

LINES IN RB?

As in the plane, a line in R? is completely determined once we know one of its points
/ and its direction. We used the concept of slope to measure the direction of line in
A Pixy ) the plane, but in space, it is more gonvenicn! 1o specify dirccliu‘n Wil].l vectors,

s Suppose L is a line in E* that is parallel to the vector v = Aj + By + Ck and also

ey / 8 i - nin Figure 9.38. We say that the line has dire
‘Lo comains Q(x,, v,, Z,). as shown in Figure 9.35. y 1as direction
/ Yo 20) numbers A. B. and C and denote these direction numbers by [A, B, Cl. The vector v
LY is called a direction vector of the line L. If P(x, y, z) is any point on L, then the
ty - ) % o g wst satisfy the veetor equation QP = 7y [y .
;""1:(\'.13: L parallel to v vector QP is parallel to v and n Y d Q oF some

W ) 3”1\

. R i ce coordinates and use the standard re resentation,
ey > . then P on £ number 1. If we 1nlrndu.u. L’O rdin i r
TOP <4y, rewrite this vector equation as

-

We can
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’*.4 PROBLEM SET

L ,
,‘ Vﬂ-uT DOES THIS SAY?  What is 4 parameter’ 6. x =30 v=00r -9, —| <1< 2
* Witay _ . i %
I e DOES THIs SAY? Contrast the parametric and sym Tox=yv=1F~1>0
s of the equation of a line B.x=ty=13 -1 <1 <42
YR relatio ) ) " . s ; , it gV S
, nship betwee cin Problems :
Umingting o ip berween x oand vy oin 9 x=3coed y=dsing 0 < d<dx
bed by t the parameter: In each case, sketch the path R R - -
b the , , _ C— M e £
N parametric equations over the prescribed imerval. 0. v=2sinf, y=2cost,0 <6< 21
‘: N .
- ‘~'~I-]_[)i,z2 ]l'-‘-‘:l‘}'Sm’.}‘:—‘-—‘?k‘ﬂ.‘%f,nilfﬁn
Iy — . b = o
L U '=3-U0<1<1 120 v=1+4sint,y==-24cost,0 < 1< 7
Y =R 4 -
Br— 62,0 < ¢ <3 13 x=4an2,y=3sec2.0= (< x
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480 Calculus

Ve dsee 20 o 2t 2,0 e
By vy = Xnne>0

16, v= ¢ ym e (- 00, )

equationy for the line(x) Pass

Find the paramenric and synmelri
werihed it

ing thiough the given pointy with the pnljn'uir\ ile
Problems 1725,

N
7. (1, ~ 1, 23 parallel o 3~ 2 15K
18, (1,0, 1), parallel o M Aj
19. (1, ~ 1, 2 through 20 1L D
20, (2, 2, 3 through (1, 3, D
r=-5 y+2 b
21, (1, -3, 0); panadle :
( 0); parallel o | \ 5
v d y -2 IS
22, (), = 1,2 paraliel o 1 = =
N T I
23, (0, 4, =) paralle g . Y
); parallel o > o m
24, (1,0, —); parallel o v =~ 2 Yymdttz=242

(— 1, 1, 0); perpendicular to 3¢y - 2r=D

Find the parametric form of the cquation of (he line
1. 0y parallel o both (he ay- and

25.

26.
passing through (3
yz-plunes,

Find the points of itersection of each

cach of the coondinate planes.

line in Problems 2730 with

- 23 z42
27. ‘_Ji._:l_i___‘;_l:
4 3 |
. \ 2 -~
28, \I—I=_\+_::__£1
| 2 3

29, v=6—2,v=14 =3
30. v=6+My=2-4LI= 2t
In Problems 31—230, tell whether the wo line

allel, are skew, or coincide. If they intersect, eivet

oy fitersect, are pars
he point of inter-
section.

A y-6 -2

-

I

1
n
Py

2 -3

32, v =42, ‘\'=()t.:_-=7—— 4,
v\=5+l._\'=l—-3r.:=--3+21
r=3+dy=| 4, z=—4=T0

.\'=2+3l._\'-‘—5~41-:=7"7’

Lm2-dny=l+nz=1450

.\'=31.,\'=—2—I.:=4—2!

2 -1
{ vectors parallel to the line
2+ 1

e

o the line

Find two uni

-3 y-1

JR———

4 2
Find two unit vectors parallel t

A | vy

1
) b

2 8
‘ |
0 pind the ’,,,“uilt‘lﬁ/‘ Ciatleanty for gy 0
el the
30, A ciele ol cadion S, centered gy
clockwine i

ip’
I J
1|

i, Ul

, "hity
A0, A clicle ol raddin 2 centered e gy '
1, O
y ‘,i T ileg

\
dl. The L'|”|)‘l|' () |

1y,

I(L'P

]

Y

Iy orienited ¢ Ol

i r"b‘mq.
A2, The paraboli v A oniented 1y,
1 i Y b,

]
i

\
43, The h yerhola
43 The Dyl TN Tk

(20 (y 43y

A, The ellipse = |
3 D

45, Deseribe the yath of the curve deses;

| :“:H l,!” o ”| . l,( curves described by x .

46, Lot v = dasintoy = beos’ L Expresy y g,

47, Show that the vector v W df 4 i
the line (hat passes through the puingy
02,1, - .

48, Show that the veetory T+ 4) 4 3K iy orthugo

' patssing through the points P(=2,2,7) an( 0‘; ”’l“;’ 6 e
49, Tind constants a and b so that the l“””Willg.]”;v '
X=d Y- | 142

L ik - e
4 ]

gl n

a llmuj,m "
“t

h ’”‘”I’J"’
"((’, 0 """4.
v 1),

N i g,
and

50, Consider the lines
I,|:A=-]-l 2, y=3-1, 2=242

L—z:,l's—z—l. _y:5+21, 2=~

Show that 1., and L, intersect and find the acute anglef(x¢
nearest degree) between them.
51. Find an equation for the line L, that contains the poit -

3 1) and is orthogonal (o the line
Ly: x=2-14 y=1-2, 7=5+1

o 52. What can be said about the lines

X — Xy _ y—‘y() _ 2=
a by €l
and
- — ¥ 2
A =X _ y— _
ar hz 2

. . —()!
in (he case where a,a; + b,b2 +667 o

Modeling Problem A circle of radius £ rol
on the outside of a fixed cirele of radius 4-
circle is centered at the origin an
begins at (¢,0). Let { be the angle measu
y-axis o the ray from the origin 10
circle. Show that this epicycloid may
parametric cquations " R)i.
= (a+ K)cos! — R cos ("f’

{s withowt 357
Asgsumé g ‘;~1
(he MoV f
red fromm’: r/‘“’:‘
enter o B
(4

53.
w4
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Y,

\ circle of radius R rvolls without shipping on
0 Plﬂhl"m ixed circle of radius @ Find parametrie cqUa-
e ol aced out by a point P on the ¢ireum.-

A Rysin/ - R .\in(
(t

f

! a0t e cunve B

rolling cniele ol radius R Let 1 be the angle
« posILIVE A-INIS 1o the ray that passes through
rolling circle. and assume that the point 2

‘it

Vectars In Space

hepins on the vaxis (that is. I has coordinates (a, ) when/

Show that this hypocyeloid has parametric equations

a— R
A la — Rycost RL'H“( R )l'
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